The theorem above solves a problem raised by J. Detraz [1] . (She also proved the converse of the theorem.)
The first proof of it (due to A. M. Davie) was based on functional analysis, and is rather short and elegant. See [5] for details. But from a constructive point of view, the proof is not very satisfactory. So the main reason for introducing this new and longer proof, is that it gives a rather explicit construction of the approximating polynomials {pj~= 1 . This theorem is part of a more general problem in simultaneous approximation introduced to me by Professor L. Rubel. (See [4] , [51, and [6] The approximation of / is now done in two steps. If \E\B\ = 0, the first step can be omitted. So we assume \E\B\ > 0.
The idea is to modify Vitushkin's scheme for rational approximation (see [2] , page 210) to be suitable for our problem. We shall construct functions f n , n = 1, 2, such that g = f -ΣΓ/ n has the following two properties if ε > 0 is given in advance: (2) \\f-g\\ 8 <e. 
= 0 on E o and if z e S, then
The construction of a and 6 can be done as in [3] , page 80. We partion E ύ into finitely many subsets E l9 , E n with pairwise disjoint neighborhoods W lf , W n9 such that there are complex numbers λ, 1 ^ j ^ n with |/-λ, | < ε2~2 on each E ά . For each j we argue as on page 80 in [3] Consider now h = b(g -a) + a. Then h e A(D) and since g ~ h = (g -α)(l -6), we have from (2), (3), and (4) above that \\g -h\\ s < max {(A L + 2)ε, 5ε}. But then ||/-Λ|| s < A 2 ε, and we also have \\h\\ D ^ A 3 . Since heA(D), this function is easy to approximate uniformly on D by polynomials, and this completes the second step.
We turn to the construction of {/"}. Let ε > 0 be given. We choose pairwise disjoint discs Δ n -Δ(w n , δ Λ ), n = 1, 2, and constants t, M, and λ with the following properties ( 5 ) w n e E\B and there are numbers η n with δ n < η n < 2δ
c T\(E\B). ( 6 )
JJSr\(J? U (U» 4»))l = 0.
More details about how t, λ, and M depend on ε, will be given below. The important thing is that they are given in advance, before {Δ k } is constructed. The existence of {Δ k } satisfying (5)- (8) follows from Fatou's result (1) about nontangential limits mentioned above, and the fact that E\B is totally disconnected. To obtain (8) we use that f\ s is uniformly continuous.
We now choose numbers r n with δ n < r n < η nf and smooth functions φ n with support in Δ(w n , r % ) such that we also have for all n 0 S φ n ^ 1 , Ψn Ξ 1 near A n , and
We extend / to C by the equation
by
For basic properties of the ^-operator we refer to [2] , page 254 A. STRAY 30. These properties gives that G n is analytic in D and continuous wherever / is. Also f -G n is analytic near A n Π (E\B). Since ll/llc ^ 1, (9) shows that (10) \\G n \\ c^A3 .
We also claim that the constants t, M, and λ can be chosen so that (11) ||GJU<Λe.
To see this, note first that since G n is analytic in 'S\4(w n ,'t) and G>(°°) =. 0, an easy application of Schwartz lemma shows that \G n (ρ)\ < A(M -I)" 1 < ε if Mis sufficiently large, and \ρ -w n \ > Mt. This does not contradict (8) if t is sufficiently small. If we use (8), we see that if peS and \p -w n \ ^ Mt, then we can estimate the first integral in (*) so that
where K(X) is a constant tending to zero if λ -> oo. It is easy to see that we can choose λ depending on ε, but not on n, such that K(X) < e. (The constant K(X) comes from integration over those z e 4(w n , r n ) where
We can now write f n as \\H n -G
The existence of {H n } is not quite trivial. If we map {S\Δ(w n , r n )) U D conformally onto ΰ, SU (S 2 \A(w n , η n )) is mapped to a Farrel set (see [5] for definition) in D, and the existence of H n , n = 1, 2, , now follows from the main result in [5] . This completes the proof. In fact, the set E o in (3) above, is simply (T\(BV (U» 40) Concluding remark* It is easy to verify that this proof applies to more general planar domains.
